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ABSTRACT OF THE DISSERTATION 


Refining Multivariate Value Set Bounds 
By 

Luke Alexander Smith 
Doctor of Philosophy in Mathematics 
University of California, Irvine, 2015 
Professor Daqing Wan, Chair 


Over finite fields, if the image of a polynomial map is not the entire field, then its cardinality 
can be bounded above by a significantly smaller value. Earlier results bound the cardinality 
of the value set using the degree of the polynomial, but more recent results make use of the 
powers of all monomials. 

In this paper, we explore the geometric properties of the Newton polytope and show how 
they allow for tighter upper bounds on the cardinality of the multivariate value set. We then 
explore a method which allows for even stronger upper bounds, regardless of whether one 
uses the multivariate degree or the Newton polytope to bound the value set. Effectively, this 
provides an alternate proof of Rosters’ degree bound, an improved Newton polytope-based 
bound, and an improvement of a degree matrix-based result given by Zan and Cao. 



Introduction 


0.1 History and Motivation 

For a given polynomial f(x ) over a finite field F 9 , let Vf ■— Im(/) denote the value set 
of /. Determining the cardinality and structure of the value set is a problem with a rich 
history and wide variety of uses in number theory, algebraic geometry, coding theory and 
cryptography. 


Relevant to this paper are theorems which provide upper bounds on the cardinality of our 
value set when f(x) is not a permutation polynomial^ Let fix) E F 9 [x] be a single variable 
polynomial of degree d > 0 with \Vf\ < q. Using the Chebotarev density theorem over 
rational function fields, S. D. Cohen proved in [6] that there is a finite set of rational numbers 
T d C [0,1] (depending on degree d) such that 


\Vf\ = Cfq + O d i^/q) (1) 

1 Permutation polynomials have also been studied extensively in literature, in view of their application 
to cryptography and combinatorics. For more information about other ways value sets have been studied 
historically, please refer to !10l. 
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for some Cf G T d depending on Gal(/(x) — t)/¥ q {t) and Gal(/(x) — t)/¥ q (t). Guralnick and 
Wan refine this in [[9], proving that for gcd (d,q) = 1 and \Vf\ < q, \Vf\ < q + O d (^/q). In 
addition, Mullen conjectured the bound 


\ v f\<v- q -T ( 2 ) 

for non-permutation polynomials. This was proven by Wan, Shiue and Chen in [T9] using 
p-adic liftings, but Turnwald later averted the use of liftings with a clever proof in [T6] using 
elementary symmetric polynomials. This bound was also proven sharp for any finite held by 
Cusick and Muller (for f(x) — (x + l)x q ~ l G F g fc[x], \Vf \ = q k — <L -^- for all integers k, see 
0)- For more sharp examples, see [19j. 

Despite the interest mathematicians have taken in the value set problem, most of the work in 
this area has been dedicated towards univariate polynomials. However, In the past 25 or so 
years, the multivariate value set problem has been addressed in a few different forms. It was 
first addressed by Serre in 1988 p]3j over varieties, in connection with Hilbert’s irreducibility 
theorem and the inverse Galois problem. His theorem, alongside results by Fried [8j and by 
Guralnick and Wan [9] give us upper bounds on our value set which generalize Cohen’s result 
in ([T]). Though these results bound \ Vf\ by some fraction of |F”|, it is important to note that 
the error terms in both results, though well behaved with respect to q, are exponentially 
large in terms of the degree d of the map. 
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0.2 Recent Multivariate Value Set Theorems 


A recently published paper by Mullen, Wan, and Wang in 2012 [[12] gives another bound on 
the value set of polynomial maps, one with no error terms: 

Theorem 0.1. Let f(x i,..., x n ) = (/i(xi, x n ),..., f n (x i,..., x n )) be a polynomial map over 
the vector space F™, and let deg / = max, deg /). 


If \Vf\ < q n , then \Vf\ < q n — min 



rc(g~ 1) ] 
deg / J ' 


Since the time their paper was published, multiple refinements have been made to this 
theorem. 

One approach towards improving Theorem 10.II is to replace the term by using different 

properties of the polynomial map /. Note that the degree only takes one monomial of / 
into account, so it is reasonable to expect tighter bounds on \Vf\ if we account for every 
monomial. In my first paper [T5], I improved upon theorem 10.11 by generalizing Mullen, 
Wan, and Wang’s p-adic lifting approach and utilizing the Newton polytope A(/) of the 
polynomial map /. The Newton polytope is constructed using all monomials of / using 
discrete geometry, meaning it encodes more information than deg / and allows for a stronger 
statement to be made: 

Theorem 0.2 (Smith [13] , 2014). Let f(x i,...,x n ) = (/i(xi,..., x n ), ..., /„(xi,..., £„)) be a 
polynomial map over the vector space F”, let A(/) be the Newton polytope of f, and let /if 
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be a certain constant (defined explicitly later) dependent on A(/). 


If \V f \ < q n , then \V f \ < q n - min{g, p r {q- 1)}, 


Zan and Cao also refine Thoerem 0.1 by using the degree matrix Df of the polynomial map 
/ in order to account for all of the monomials of /. Their approach generalizes the p-adic 
lifting technique as well and improves upon my statement in [15j : 

Theorem 0.3 (Zan, Cao [2D], 2014). Let f(xi,...,x n ) = ..., x n ),..., f n {xi ,..., £„)) be 

a polynomial map over the vector space F” and let Df be the degree matrix of f. 


If\V f \< q n , then \V f \ < q n - min{g, u f }, 

where the constant t Of (defined explicitly later) depends on Df. 


Overall, each new refinement gives us stronger bounds, i.e. ujf > pf ■ (q — 1) > j(q — 1) 
(see [I] and ESS)- In addition, in the univariate case, it has been shown that there are 
instances when Uf is strictly larger than ( as opposed to pf always being equal to 
when n = 1). However, since each of these bounds are of the form |V/| < q n — min{C/,q'} 
with Cf dependent on the theorem, we are limited to removing at most q elements from 
these cardinality bounds. 

Another type of improvement on theorem 10.11 removes this dependence on subtracting the 
minimum of two constants. Though still dependent on the polynomial map degree, a theorem 
by Kosters allows for a stronger bound whenever n > deg /: 
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Theorem 0.4 (Kosters [H], 2014). Let f(x i,...,x n ) = (/i(xi,..., x n ),..., /„(xi,..., x n )) be a 
polynomial map over the vector space F”, and let deg / = max* deg f % . 


If\V f \<q n , then \V f \ <q n 


n(q — 1) 
deg / 


In order to achieve this result, Kosters completely averted the use of p-adic liftings, instead 
using a method more akin to Turnwald’s univariate proof in [16]. 


0.3 Main Result 

In this paper, I will refine these multivariate value set bounds even further, removing the 
minimum condition from theorems 10.21 and 10.31 ultimately proving the following theorem: 

Theorem 0.5. Let f(x i,..., x n ) = (j\ (x \,..., x n ),..., f n (x i,..., x n )) be a polynomial map over 
the vector space F" and let Df be the degree matrix of f. 


If | Vf \ < qf 1 , then \ Vf \ < q n — iOf, 


where the constant tOf depends on Df. 

To properly convey the significance of this bound in relation to prior bounds, we will describe 
the Newton polytope in Section 10.41 and the degree matrix in Section 10.51 We will also 
define the constants associated with these objects and connections between the two. This 
manuscript will also contain portions of my work in [15] which are relevant to the proofs 
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of theorems in Chapter [2] as well as a proof of the main theorem in [15] to highlight the 
difference in techniques used. 


0.4 The Newton Polytope 

Let F be an arbitrary field and let h G F[x i, ...,x n ]. If we write h in the form 


h(x= ^^cijX Dj , dj G F* (3) 

3 = 1 


where 


Dj i(l]j ,..., d n j ) G 7L 


J >0) 


X D * = xi lj ...x d n ^ : 


(4) 


then we have the following definition: 

Definition 0.1 (Newton polytope). The Newton polytope of polynomial h G F[x\,x n \, 
A {h), is the convex closure of the set {Di,D m } U {(0,0)} in M n . 

Geometric properties of the Newton polytope, such as its dilation by k G M, its volume or 
its decomposition into other polytopes via Minkowski Sum, are useful tools in discerning 
properties of their associated polynomials. For more information, see 0. m, and im 

The significance of the Newton polytope to the multivariate value set problem comes from 
the definition of the following quantity: 
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Definition 0.2 (Minimal dilation factor pfi). Let F be a field, let h G F[x \,..., x n ], and let 
A (h) be the Newton polytope of h. 


p h := inf {A: G M >0 | kA{h) 0}. 


In other words, ph is the infimum of all positive real numbers k such that the dilation of 
A (h) by k contains a lattice point with strictly positive coordinates, and we define ph = oo 
if such a dilation does not exist. For our purposes, since the vertices of our polytopes have 
integer coordinates, ph will always be finite and rational so long as we consider h which is not 
a polynomial in some proper subset of {xi, ...,x n }. If h is polynomial in a proper subset of 
{xi, ...,x n }, then we may make a linear change of variables {z\, ...,z u }, v < n, which allows 
us to consider A(h(zi, ...,z u )) C M", where ph will be finite. 

The quantity pf is used by Adolphson and Sperber [I] to put a lower bound on the g-adic 
valuation ord g of the number of F g -rational points on a variety V, N(V), over ¥ q . Namely, let 
V = Z(fi ,..., f m ) be the vanishing set of /i,..., f n , where fi G F y [xi, ...,x n ]. If the collection 
of polynomials /i,..., f m is not polynomial in some proper subset of Xi, ...,x n , then we have 
for f (xi, • ■ ■ , X n , 2/l, • • ■, |/m) fl(%l j ■ • •; 3'n)yi T ' ' ' T fm (^l > • j n)ymi 


ord q (N(V)) > pf — m. 


Note that in the above definitions, the multivariate polynomial h maps the vector space F n 
into its base field F. However, for the value set problem, we are interested in studying the 
polynomial vector / : —> F£. Fortunately, the definitions we have developed in this 
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section can be extended to polynomial vectors. If we denote the support of h by T(h) ■— 
{D\ , D m }, then we define A(/) to be the convex closure of T(fi) U • • • UT(/„) U {(0,0)} 
in W 1 . 


0.5 The Degree Matrix and Comparison of Constants 


For our multivariate polynomial h as in Section 10.41 we define the n x m degree matrix of h, 
Dh ■= (D i,..., D m ) G Z>Q m . The degree matrix has been used by Cao and his collaborators 
in 0 . a. and [5] in rational point counting and p-adic estimates. In relation to the value 
set problem, Zan and Cao use the degree matrix in [20] as a succinct way of keeping track of 
the exponent vectors Dj that does not explicitly rely on a geometry. Using this, they define 
the following invariant of h. 


Definition 0.3 (Integral dilation factor u>h). Let F be a field, let h G F[x i, ...,x n \ be as in 
equation ([3]). 


cuh '■= min 



kj G {0,1,..., q - 1}, k 3 D i e fa ~ 

3 =1 



(5) 


This constant can be thought of as the minimal number of exponent vectors (up to q — 1 
duplicates of each) needed to be summed together to reach a lattice point where all coordi¬ 
nates are positive multiples of q — 1. Again, so long as h is not polynomial in some proper 
subset of {xi, ...,x n }, U3h will always exist. 


Though ujf and p/ may seem different by their definitions, a lemma in [3] gives us that 


£ 

. 3 -1 


otj G 


5 a 3^j 


3 =1 



/if = min 


( 6 ) 




Intuitively, studying the dilation of A(/) is equivalent to studying linear combinations of 
the exponent vectors geometrically. Because of similarity, we can use both Df and A(/) to 
study fif and (U/O 

In fact, because of this similarity, we have a direct comparison of the two terms proven by 
[2D]. This, alongside a result of Adolphson and Sperber [Tj, gives us the following inequalities: 

Lemma 0.6. Uf > /i/(g — 1) > . 


Not only does ojf provide a better value set bound for nonpermutation polynomials, but [2D] 
gives sharp examples which improve previously known univariate bounds. For an illustration 
of the proof by Adolphson and Sperber in two dimensions, please refer to Figure [T] given 
below. 



Figure 1: The polytopes of f(x i,x 2 ) = X\ + x\x 2 and h(x i,x 2 ) = x\ + x 2l alongside their 
contractions by v = |- Note that both polynomials are degree 4, A(/) D N 2 = {(3, 1)}, and 
(|A (/)) fl N 2 = 0, but (f A (h)) D N 2 = {(1,1)}. Therefore, n h = | < n f = 1. 


2 Theorems in Chapter [2] which are dependent on these constants both use A(/) in the proofs given. 
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Chapter 1 


Essential Theorems and Concepts 

1.1 Single Variable Value Set 

To provide insight towards the proof of our main result, we will investigate upper bounds of 
\Vf\ for the case when / is a single variable polynomial. Parts of this proof will generalize 
to the multivariate case. 

Theorem 1.1. Let f(x) G Fjx] be a single variable polynomial of degree d > 0. If \Vf \ < q, 
then 


\Vf\<q 


g - 1 
d 


The proof of this theorem relies on the following definition: 

Definition 1.1 (The quantity U(f)). Let 7L q denote the ring of p-adic integers with uni- 
formizer p and residue field ¥ q . Also let f(x) G Z q [x] be the lifting of f taking coefficients 
from the Teichmuller lifting L q C Z q of¥ q . Then we define U(f) to be the smallest positive 
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integer k such that the sum 


Sk(f) ■= ^ 0 (modpk). 

X£.Lq 


By taking into account the following sum, 


xe L q 


| 0, q~l\k, 

< q — 1, q — 1 | k, k ^ 0, 

\ q, k - o. 


(l.i) 


and remembering that we are only summing over a finite number of terms, we have that, 
for / not identically zero, < U(f). We also have that if / is a permutation polynomial, 
then S'fc(Z) = Sk(x) = '^ JX&Lq X k 1 implying U(f) = q — 1. The fact that U(f) exists for all 
nonpermutation polynomials as well is a corollary of lemma 11.21 Overall, the lemma and the 
above argument give us that 


<U(f)<q- 1. 


Theorem 11.11 also follows directly from the lemma 11.21 


Lemma 1.2. If \Vf\ < q, then 


\v,\ <q-U(l). 
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The proof of this result is given by Wan, Shiue, and Chen in [19], and their paper also 
includes more details regarding this lemma. Mullen, Wan, and Wang [12] also describe an 
alternate proof of this lemma presented to them by Lenstra through private communication. 


1.2 From Single Variable to Multivariable 

Let f(x i, ...,x n ) = ...,x n ), ..., f n (x i, ... ,x n )) be a polynomial vector, and note deg / = 

maxj{deg /*}. This maps the vector space F" to itself. Now, take a basis ei,...,e n of F g n 
over F q . Denote x = x\ei + • • • + x n e n and define 


g(x) ■■= fi(x u ••., x n )ei H-h f n (x i, ...,x n )e n 


In this way, we can think of the function g as a non-constant univariate polynomial map from 
the finite field F g ™ to itself. Even better, we have the equality \Vf\ = |<?(F g n)|. Therefore, 
using Lemma fl.21 we know 


if \V f \ <g n ,then \V f \<q n -U(g), 


where g is viewed as a univariate polynomial. 

Unfortunately, as a univariate polynomial, we do not have good control of the univariate 
degree of g in relation to the multivariate degree of /. Even if one were to construct a closed 
form for g(x) using methods such as Lagrange Interpolation, the degree of g would likely be 
high enough as to make the resulting upper bound on \Vf\ trivial. Because of these issues 
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with the degree of g, we cannot use the bounds from the previous section directly, and must 
rely on another method to bound U(g). 

Previously, we introduced g(x) as a univariate polynomial. However, using a basis ei, ...,e n 
of F q n over ¥ q as before, we can also define a multivariate polynomial 


g(xi, x n ) ■= /i(xi,..., x n )e 1 H-h f n (x i,..., x n )e n 


mapping the vector space F” into the field ¥ q n. In this sense, g as a multivariate polynomial 
shares some important properties with / as a polynomial vector, such as the fact that deg(g) 
= max,;{deg /,}. Whereas the paper by Mullen, Wan, and Wang determine a bound for U(g) 
relying on the multivariate degree of /, in this paper we will use the Newton polytope of the 
multivariate polynomial g(x i,... ,x n ) to improve upon these bounds. With this in mind, we 
define A(/) — A(g(xi, ..., x n )), Hf — li g ( Xu ...,x n )-> an d prove the original polytope bound in 

m- 


1.3 Restatement of First Poly tope Bound and Proof 

Theorem 1.3. Let f(x i,...,x n ) = (fi(xi ,..., x n ),..., f n (xi, ..., x n )) be a polynomial vector 
over the vector space F”. If \Vf\ < q n , then 


V f | <q n - min{g, p f (q - 1)}. 
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Proof. First, construct g from our polynomial vector /, as we did in Section 11.21 Viewing 
g as a univariate polynomial g(x), we are allowed to apply Lemma [1721 to bound \Vf\ using 
U(g). We then consider g as multivariate g(x i ,..., x n ), which allows us to dehne A (g) and 
/i g . Noting that A(/) = A (g) and pj = p g by our definition in Section [L2l it suffices to 
prove the following lemma on U(g): □ 

Lemma 1.4. U(g ) > min {pf(q — 1), q}. 

Proof. Assume the coefficients of g(x i,... ,x n ) are lifted to characteristic zero over L q n , our 
Teichmiiller lifting of F^n. Remember that U(g) is defined over univariate polynomials to be 
the smallest positive integer k such that 

Sk(g)-= Y g(x) k ^ 0 (mod pk). 

X(z.Lqn 


However, using x = X\e\ + • • • + x n e n as in Section 11.21 we can rewrite Sk(g) in terms of 
multivariate g(x i, ...,x n ). This means U(g) is the smallest positive integer k such that 


Sk(g) = Y S'^i, ■■■,x n ) k ^ 0 (mod pk). 


Let k G Z >0 be such that k < min — 1), q}. Expand g(x i, ...,x n ) k = Y^j=i a jX Vj as a 
polynomial in the n variables X\, ..., x n (see ()4])). Since Sk{g) is a ffiiite sum, it can be broken 
up over the monomials of g(x i, ...,x n ) k . Therefore, it suffices to prove 


X Vj = 0 (mod pk), 1 < j <m, m — ff monomials of g k {x\ , ...,x n ). (1.2) 


( x 1 ,...,Xn)GLV 
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If we denote l 3 ■— #{%, 1 < i < n\vij 7 ^ 0}, i.e. l 3 denotes the number of nonzero v l3 'a with 
1 < i < n, then we have exactly n — l 3 zero v i3 'a 1 implying that 


X v ' = 0 (mod q n ~^). 


(xi,...,x n )eL” 

Now let v p denote the p-adic valuation satisfying v p (p) = 1. If the inequality 

v p (q)(n - £ 3 ) > 1 + v p (k) 

is satisfied, then (II. 2 p is true and we are done. 

Considering X v i = the sum on the left side is identically zero if one of the Vij is 

not divisible by q — 1 (see (11.11) ). Thus, we shall assume that all s are divisible by q — 1 
(Otherwise ( 11 . 21 ) is satisfied and we are done without even using our inequality on k ). 

Now, the lattice points of g are contained within A (g) by definition, and this implies our 
lattice points Vj of g k are contained within kA(g), the dilation of the polytope A (g) by k. 
But since (q — 1) | Vij, we have that Vj £ (q — 1)Z > 0 as well. 

If we further assume that Vj has no zero coordinates, i.e. i 3 = n, this implies 
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This statement tells us, by the definition of /if, that > /if- In other words, 


k > fi f (q - 1). 


This contradicts our assumption that k < min {/if(q — 1), q} < fif(q — 1). 


Therefore, when k < min {/if(q — 1), q}, we have that ij < n, and n — t 
since k < q, gives us q\ k, and 


1 + v p (k) < v p (q ) < v p (q)(n - if). 


This implies that 


S k (g) = 0 (mod q n ij ) = 0 (mod p 1 ^^) = 0 (mod pk) 


and we are done. Lemma 11.41 and the main result of [15] are proved. 


> 0. This case, 


□ 
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Chapter 2 


Refining Cardinality Bounds 


2.1 A Method to Improve Prior Proofs 


One of the major limitations of the use of p- adic liftings in the proof of Lemma 11.41 is that 
our assumption only allowed us to show Sk(f ) = 0 (mod q). Indeed, if we immediately split 
Sk(f) amongst the monomials of the multivariate polynomial g(x i, ...,x n ) fc , we lose much of 
the structure and divisibility of each term. Therefore, we will manipulate our summand to 
leverage a larger p-adic valuation before splitting it into monomials. To do this, we need the 
following lemma: 

Lemma 2.1. Let xi, ...,x n be in a commutative ring R, and let e G N. Then 


(xi H-h x n ) pC = x P i H-h x pe + phi (x pB 


) +p 2 h 2 {x p 1 e 


H-1- p e h e (x\, ...,x n ) 


where h t (xi , 



G R[x i, ...,x n ] 


is such that deg h t (x i, ...,x n ) = p l . 
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Proof. We use the multinomial theorem on the left hand side of the above equation. 


{x\ H-h x n ) pe 



+ E 

aiH-h a n =p e 

a\^p e ,...,a n fp e 



( 2 . 1 ) 


For simplicity of notation, let 


A = 


p c 

a 1? •••? 


rp a 1 rp a n 

x 1 ...X n 


Then the sum in (12.11) can be split as follows: 


£ A = rf + -- 


ffllH-h a„=p e 


■ + <+ £ A+ £ A 

aiH- \-a n =p e aiH- \-a n =p e 

p e_ 1 ||(ai,...,a n ) p e_ 2 ||(ai,...,a„) 

+ •••+ £ A+ £ A 


aiH-h a n =p e 

p||(ai,...,a„) 


aiH- \-a n =p e 

p \a t for some e 


Now, let 


a t = A, 1 < t < e. 

aiH-han=p e 

p e_t ||(ai,...,a n ) 

If we can show for 1 < t < e that a t has the form p t h t {x p l ,..., ) with deg h t (x i,..., x n ) = 

p 1 , then the proof is done. 

Notice that the summand A always has degree cq + • • • + a n = p e , which means deg at = p e . 
Since p e ~ l \a e for all e between 1 and n, we know that a t has the form T t {x\ , ...px^ *) G 
R[x i, -,x n ] and deg r t (x i, -..,x n ) = ^ = p l . 
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The fact that p l |( ai P a ) under the conditions that p e_t ||(ai,..., a n ) has an elegant proof by 
Singmaster in [TTJ- Therefore, we have that p t \T t {x p l *). This tells us a t has the 
form p t h t (xi ,...,x') with deg h t (x i, ... ,x n ) = p t , and thus the lemma is proved. 


□ 


Let / be a polynomial map over F”, char F (/ = p. Also let e\, ..., e n be a basis of the field Fgn 
over W q , and let x = X\e\ H— • + x n e n as before in Section IT721 allowing for the identification 
of a polynomial map f(x i,..,x n ) = ((/i(a:i,..., x n ),..., (f n (xi, •••, x n )) with the multivariate 
polynomial f(x i, ...,x n ) = fi(xi, ...,x n )e i + - • - + f n (x i, ..., x n )e n or the univariate polynomial 


fix). Also let Skif) and U(f) be as in Section 11.11 To improve upon the p-adic lifting 


method, we will apply Lemma [All to f(xi,...,x n ) k , split Sk{f) amongst these polynomials, 
and then split the summand polynomials further into monomials. 

Write k = p e k\ with p \ k\. For simplicity of notation, assume / has already been lifted with 
coefficients in L q n. Then by Lemma [2711 there exists polynomials F 0 ,...,F e £ ¥ q n [x \, ...,x n ] 
such that 



+ p e F e {x i, ...,x n ), 


where deg F t (xi,...,x n ) < dp t . This means that 
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Now for fixed b 0l ..., b e , let A be the positive integer such that b\ ^ 0, b\+i = • • • = b e = 0, and 
e _ \ 

let y % — x p . This means we can reduce the power and degree of our summand polynomials 
in the following way: 




T P 


Y* = F 0 (yf,...,y£) b °---F >l (y u ...,y n ) 


bx 


( 2 . 2 ) 


Note that each term may have a different substitution, but we may split Sk(f) amongst each 
summand to bound the p-divisibility of the entire sum. Using the reduction of f{x i, ..,x n ) k 
to (12.21) . we are given sums of the form 

pbl+2b2+ ... +Xbx F 0 {yf, ...,y p n X ) b0 ■ ■■F x {y 1 , ...,y n ) b \ (2.3) 

Vl T-’iyn^-Lq 

Now the fact that b\ 0 tells us this sum is divisible by p A , i.e. Sk{f) = 0(modp A ). 
From here, we must further split this summand product into monomials and determine the 
p -divisibility of the smaller sums. Let 

m 

•••>!*> ''' Fx(vu .... Vn) H = E c i YW ‘< c i e F ;». 

3 =1 

where 


Wj (iCij, ...,zu n j') G 


yn 

^>0? 


Y w > = y?‘...yT 


(2.4) 


This allows the sum in (12.3j) . and ultimately Sk{f), to be split among the monomials in (12.4j) 
into sums of the form 


V 


6i+262H- 


E 


CjY 


Wj _ bi+2b 2 -\ -hA b x 

— L jP 


yi,—,yn£L q 


n 

n e 

4=1 Vi&Lq 


(2.5) 
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Let C be an upper bound on k, i.e. k < C (C will depend on which of the theorems in 
the following sections we are proving). Our goal is to show C < U(f) and therefore come 
up with a nicer bound on \Vf\ (thanks to Lemma Pi .21) . Let v p be the p-adic valuation with 
v p (p) = 1, and let £ 3 be the number of nonzero entries of W 3 . We can accomplish our goal by 
showing the sum in (12.5ft is congruent to zero mod p x q n ~ £ j , and that v p (p x q n ~^ j ) > v p (pk ), 
i.e. 

A + (n — £j)v p (q) > e + 1. 

If this holds true for all monomials, then Sk(f) = 0 mod pk and k < U(f). 

Now the sum in (12.51) equals zero if one of the wy/s is not divisible by q — 1, so all that is 
left is to consider the case when q — 11 w %3 for all i. In this case, since b\ ^ 0, and since £j is 
the number of nonzero we have n — £ 3 zero terms, which tells us 

pbl + 2 b 2 +-+\b x ^ Cj Y Wj = 0 (mod p x q n ~ £j ). 

yi,—,yn£L q 


The above substitution method allows us to refine the recently published results mentioned 
in Section [QT2l whose proofs simply used the monomials of f(xi ,..., x n ) k directly. These 
proofs required that k < q to bound the value set, but our proofs do not. The next few 
sections will show how the added structure our method provides tighter upper bounds on 
the cardinality of the value set. 
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2.2 Alternate Degree Bound Proof 


Theorem 2.2. Let f be a polynomial map with f : F” —* F”, char F g = p, 
f(x i, -;X n ) = /i(xi, ...,x n )e 1 H-h f n (x i, ...,x n ), 


and d = maxt deg f % . If \Vf\ < q n , then 


V f <q- 


n(q — 1) 
d 


Note that this theorem was proven by Kosters in HU, but we provide an alternate proof 
using the method outlined in Section 12.11 

Proof. If we can show that, for 1 < k < n( ' 9 ~ 1 ' ) and k = p e k\ with p \ hi, 

S k (f ) : = ^ f(x) k = ^ ...,x n )ei d-f ...,x n )e„) =0(modpfc), 

X^LqTi X\. jXq'i^.Lq 

then U(f) > and we are done by Lemma 11.21 

For simplicity of notation, assume / is already lifted to characteristic zero over L q n. Split. 
Sk(f) into sums of the form (12.3ft . Notice that, by our substitution and Lemma [2711 the 
degree of the summand F 0 (y p L ,..., y^) b ° ■ ■ ■ F x (yi ,..., y n ) bx in (r/i,..., y n ) is bounded above by 
dp x a 0 + dp 1 p x ~ l + • • • + dp x a\ = dp x k\. When we further split these sums into sums of the 
form (12.5p . we have that 

p b 1+ 2b 2 +-+Xb x Cj Y w i = 0 (mod p x q n ~ e i). 

yi,-,yn£L q 
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Since this sum equals 0 if one of the U! tJ 's is not divisible by q — 1, assume q — 11 w tJ for all 
i. Using our degree bound we have that 


(q — 1 )£j < wij + ■ ■ ■ w n j < dp x ki , 


or £j < 


dp^ki 


. If we can show that 


A 

Vp\ P q 


~q-i~ 


> v p (pk ), 


Then we are done. In other words, we must show 


A + n 


( dk lP X \ ( N ^ , 

In - ——- \ v p (q ) > e + 1. 


Mullen, Wan, and Wang [12] proved a similar inequality, 


f dkip e \ v 

In - y 1 u p (g) > e + 1. 


However, their proof only holds in the cases when: 


1. n < d 

2. n > d and k < q. 


Since their inequality implies ours, we may assume that n > d and k > q. Let r = e — X. 
Then it suffices to show that 

/ dk 

V - [p r (q-l) 

Note that k < n( ' g d 1 ' 1 < q n implies that < n, which is equivalent to 


J v p (q) > r + 1, 0<r<e. 
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In the case that n < p r , we have that p r^_^ < 1, which implies 


n — 


dk 


lp r (q-l)j 


v p (q) = nv p (q ) > v p {k) = e > r. 


In other words, 


n — 


dk 


lp r {q- !)J 


^ v p {q) >r + 1. 


Now let us examine the case when n > p r . For r — 0, 


n — 


dk 


(q- !)J 


Vp(q) > v p (q ) > 1 . 


For r — 1 and p — 2 (implying n > 2), 


n — 


dk 


L%-i)J 


v P (q) > [ n- 


n 


n 


Mq ) = 1 2 1 - 2v p M - 2 - 


And finally, when r > 1, 


n 


dk 


,p r {q - i)J 


v p (q) > ' n 


n 


P 


Mq ) > 


n(p r — 1) 


p r 


Mq) 


^ '( P r + i)(p r -i)\ ,, ( r i, , , 

> I - — - J v p (q) = (p - v p (q). 


Note that p r — A > r + 1 for all r > 1 except for when r — 1 and p = 2 simultaneously. 


□ 
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2.3 Improved Newton Polytope Bound 


Theorem 2.3. Let f(xi,...,x n ) = ..., x n ),..., f n (xi ,..., x n )) be a polynomial vector 

over the vector space F™. Without loss of generality, suppose f is not polynomial in some 
subset of {x±, ...,x n }. Let A(/) be the Newton polytope of f, and let pj be the minimal 
dilation factor associated with A(/). If \ Vf\ < qf 1 , then 

\V f \ < q n - pf(q-l). 

Proof. If we can show that, for 1 < k < pf(q — 1) and k = p e k\ with p \ k\, 

Sk(f) '■= Y. f(x) k = Y •••5 x n )ei H-b f n (xi, = 0 (mod pk), 

X^LqTl X\^. )Xqri£.Lq 

then U(f) > Pf(q — 1) and we are done by Lemma [1.21 

For simplicity of notation, assume / is already lifted to characteristic zero over L q n. Split 
Sk(f) into sums of the form (12.3ft . Notice that, by our substitution and Lemma [2711 the 
exponent vectors of the monomials of the product F 0 (yf ,..., y^f) b ° ■ ■ ■ F\(yi, ..., y n ) bx are 
contained in AjA(/). When we further split these sums into sums of the form (12.5ft . we 
have that 

pbl+ 2 b 2 +-+\b x Cj Y' Wj = 0 (mod p x q n ~ ej ). 

yi,...,yn€L q 

Since this sum equals 0 if one of the w i3 's is not divisible by q — 1, assume q — 11 w i3 for all 
i. By this assumption, we have that 

Wj € A_a(/) n (q - 1)Z| 0 . (2.6) 
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To further develop this proof, we require additional terminology. 


Definition 2.1 (The quantity 7 ). 


7 


min 


|S| 


SQ{W U .. 


;W m }, W J E 

Wj£S 



In other words, 7 is the size of smallest subset of the exponent vectors, {W \,..., W m j, such 
that the sum of its elements lie in N n . Since f(x 1 ,... ,x n ) is not polynomial in some proper 
subset of {xi,x n }, we have that the polynomials F 0 (y\ ,..., ytff ),..., Fa (yi ,..., y n ) are not 
either. This means 7 will exist. Also, assume without loss of generality that Wi,...,W 7 
satisfy the sum property of 7 , i.e. 


Wl + -h Wry G N”. 


Using this and ( 12.6[) . we have that 

Wi + -1- W 1 € A (/) n (1 - !)«”. (2-7) 

pe-\ 

which means that /iy < ■ Reorganizing this, and using our assumption on k at the 

beginning of the proof, we have 2-^~Hf{q — 1) < k < fif(q — 1), or p e ~ x < 7 . To make use of 
this inequality, we have the following lemma: 

Lemma 2.4. For all integers 1 < j < m, we have 
7 — 1 < n — £j. 

Proof. Let W u be such that i u > £j for all 1 < j < m. If £ u — n, then 7 = 1 and we 
are done. If not, W u has n — £ u components which are zero and we can pick elements from 
{Wi ,..., W u - 1 , W u+ i ,..., W m } to add to W u until the resulting sum is an element of N n . This 
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implies it is possible to pick n — l u + 1 vectors from {W \,..., W m } whose sum will lie in N n . 
By the definition of 7 , we must have 7 < n — l u + 1. But by our assumption on W u , this 


means that 7 — 1 <n — £j for all j. 


□ 


With the help of Lemma [2.41 and (12 . 7f) . we have that p e A < 7 — 1 < n — lj. If we can show 


that 



Then Sk(f) = 0 mod (pk) and we are done. In other words, if r = e — A we must show 


p r v p (q) >r + 1. 


( 2 . 8 ) 


Fortunately, this is true for all primes p and all positive integers r. 


□ 


2.4 Improved Integral Dilation Bound 

Theorem 2.5. Let f(x i,...,x n ) = (fi(xi ,..., x n ),..., f n (xi ,..., x n )) be a polynomial vector 
over the vector space F”. Without loss of generality, suppose f is not polynomial in some 
subset of {x 1 , ...,x n }. Letujf be the integral dilation factor associated withA(f). If\Vf\ < q n , 
then 


V f \<q n -u f . 
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Proof. If we can show that, for 1 < k < ojf and k = p e k\ with p \ k\, 

S k (f ) — X f( x ) k = X (/iO^i, -,a; n )ei H- ^ f n (x lj ...,x n )e n ^j = 0 (mod pk), 

X£L q n Xl,...,X„£L q 

then U (/) > uif and we are done by Lemma II.2[ 

For simplicity of notation, assume / is already lifted to characteristic zero over L q n. Split 
Sk(f) into sums of the form (12.3p . Notice that, by our substitution and Lemma [2711 the 
exponent vectors of the monomials of the product F 0 {y\ ,..., y^) b ° ■ ■ ■ F\(y x , ..., y n ) bx are 
contained in (/). When we further split these sums into sums of the form (12.51) . we 

have that 

p bi+ 2 b 2 +-+\b x Cj Y Wj = 0 (mod p X q n ~ ij ). 

2/1 j • * * iVn^Lq 

Since this sum equals 0 if one of the s is not divisible by q — 1, assume q — 1 1 w tJ for all 
i. By this assumption, we have that 

Wj e L 4 (/) n (, - i)Z%. 


Now let 7 be as in Definition ^. H and. WLOG, let W\ + • • • + W 1 £ N n . Then by the definition 
of 7 , we have 


m + • • • + W 7 £ n (q- l)N n , 

pe-\ 

and Uf < ^=x- Using this and Lemma [27(1 we have uif < k < uif , or p e ~ x < 7 —1 < n—lj. 

By this inequality and (12.81) . we are done. 


□ 

















Chapter 3 


Conclusion 


3.1 Analysis of Cardinality Bounds 

Each of the bounds given in Chapter [2] are sharp. Let N(xi ,..., x n -\) be the held norm of 
Fgn-i overF g . Kosters mi illustrates that Theorem l2.2l is sharp using the map f{x i, x n ) = 
(xi, X 2 , ■■■, N(xi ,..., x n -i)x n ). Based on this example, we give the following sharp example 
for Theorems 12.31 and 12.51 Let h{xi,X 2 , ■■■,x n ) = (xi, X 2 , ■■■, N(xi ,..., x n -\) a x n ) with a in 

N. Because N(xi ,..., x n -i) is a polynomial containing the monomials x” - ,..., x™z{ with 
nonzero coefficients, we have that (a, a,..., a, 1) G A (h). This explicitly tells us A (h) D N” ^ 

O. We also have for all V = (vi,...,v n ) G A (h) D N n , v n = 1. This implies Hh — 1 
and u>h — q — 1. In addition, since the preimage N~ l ( 0) = {(0, ..., 0) }, we are given 
\V h \ = q n — (q — 1). This example highlights the flexibility granted by the use of con¬ 
stants derived from the Newton polytope, since deg h = a(n — 1) + 1 does not allow for a 
sharp cardinality bound. This flexibility also gives us more freedom to make substitutions 
when generating more sharp examples. If Zi(x ),..., z n -i(x) are univariate permutation poly¬ 
nomials in F g [x], then the maps g{x i,...,x n ) = (z\ (xi ),..., z n _i(a; n _i), N(xi ,..., x n -i) a x n ) 
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and h(zi(xi), ...,z n -i(x n -i),x n ) will share the same constants and value set cardinality as 
h{x i,... ,x n ). 

Using the constant cu/ also has an advantage when determining bounds on univariate value 
sets. In this case, since n = 1, we have that /i/ = f° r all / £ Fjafj, but Zan and Cao [20] 
give a sharp example which improves upon this for ojf. If f(x) = x 1 + ax G Fig[x] with a ^ 
0, 4, 5, 8,16,17, then it is easy to check that ojf = 6 , \Vf\ = 13 = 19 —uif <19— |~y(18)] = 16. 

Note that, in general, it is not immediately clear how large of an improvement the strongest 
bound in Theorem 12.51 provides over our bounds in Theorems 12.21 and 12.31 I have addressed 
in P 2 ] that an effective method for calculating /if is not directly clear from the definitions 
given. However, calculation of Uf should be much more efficient complexity-wise, since only 
a finite amount of values need to be checked to determine the minumum value. This quantity 
of values to check by brute force grows with complexity 0(q n ) and is therefore polynomial 
in q (though exponential in n) . Therefore, there is much value in the use of Uf even when it 
is equal to /i/ • (q — 1 ). 


3.2 Future Work 

It is important to consider whether the results presented in Chapter [2] apply in more general 
settings. For instance, there are cases when it is more convenient to use rational inter¬ 
polated form of a map than its polynomial form, especially when the monomials of the 
rational interpolation have much smaller degree. Even if we strictly considered Laurent 
polynomials, where we have f(x ) G F 9 [a;,a: _1 ] or the Laurent polynomial map /(aq, ..., x n ) = 
(/i(aq, ..., x n ), ..., f n (x i, ... ,x n )) with fc(x i,... ,x n ) G ¥ q [x 1 ,x 2 , ..., x n , aq \ x^ 1 , can we 
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apply the geometry of the Newton polytope to bound their cardinalities? Would such bounds 

be any stronger than those obtained by using a polynomial-interpolated form of the map”!] 

Table 3.1: Examples of polynomials and their rational interpolations over F£ 8 . We denote a 
to be a multiplicative generator of • 


Polynomial Interpolation 

Rational Interpolation 

x 18 + 3x 2 + 1 

N/A 

x 254 + x 17 + 1 

(x 18 + x + l)/x 

^.254 _|_ ^253 _|_ x 30 

(x 32 + X + l)/x 2 

(a 6 + a 3 + l)x 254 + ... + (ct 6 + ct 5 ) 

x 32 /(x 2 + aa: + a 7 ) 

(a 6 + ct 5 )x 254 + ... + (a 7 + a 6 + a 2 ) 

(x 88 + l)/(a; 2 + x + ct 5 ) 


3 Thanks to Matt Keti for compiling the following table. 


31 










Bibliography 


[1] A. Adolphson and S. Sperber. p-adic estimates for exponential sums and the theorem of 
Chcvalley-Warning. Annales scientifiques de I’cole Normale Suprieure, 20(4):545-556, 
1987. 

[2] W. Cao. Smith normal form of augmented degree matrix and its applications. Linear 
Algebra and its Applications, 431(10): 1778 - 1784, 2009. 

[3] W. Cao. Dilation of Newton polytope and p-adic estimate. Discrete and Computational 
Geometry, 45(3):522-528, 2011. 

[4] W. Cao and Q. Sun. On a class of equations with special degrees over finite fields. Acta 
Arithmetica, 130:195-202, 2007. 

[5] J. Chen and W. Cao. Degree matrices and divisibility of exponential sums over finite 
holds. Archiv der Mathematik, 94(5):435-441, 2010. 

[6] S. D. Cohen. The distribution of polynomials over finite fields. Acta Arithmetica, 
17:255-271, 1970. 

[7] T. W. Cusick and P. Miiller. Wan’s bound for value sets of polynomials. In Proceedings 
of the Third International Conference on Finite Fields and Applications, FFA ’95, pages 
69-72, New York, NY, USA, 1996. Cambridge University Press. 

[8] M. Fried. On Hilbert’s irreducibility theorem. Journal of Number Theory, 6(3):211 - 
231, 1974. 

[9] R. Guralnick and D. Wan. Bounds for fixed point free elements in a transitive group and 
applications to curves over finite fields. Israel Journal of Mathematics, 101(l):255-287, 
1997. 

[10] J. Hill. Weil image sums (and some related problems), http://untruth.Org/s/p9.html. 
2011 . 

[11] M. Kosters. Polynomial maps on vector spaces over a finite held. Finite Fields and 
Their Applications, 31(0):1 - 7, 2015. 

[12] G. L. Mullen, D. Wan, and Q. Wang. Value sets of polynomial maps over finite holds. 
The Quarterly Journal of Mathematics, pages 1191 - 1196, 2012. 


32 




[13] J.-P. Serre. Topics in Galois Theory. Jones and Bartlett Publishers, 1992. 

[14] D. Singmaster. Divisibility of binomial and multinomial coefficients by primes and 
prime powers. A Collection of Manuscripts Related to the Fibonacci Sequence, 18th 
Anniversary Volume, pages 98-114, 1980. 

[15] L. Smith. Polytope bounds on multivariate value sets. Finite Fields and Their Appli¬ 
cations, 28(0): 132 - 139, 2014. 

[16] G. Turnwald. A new criterion for permutation polynomials. Finite Fields and Their 
Applications, 1(1):64 - 82, 1995. 

[17] D. Wan. Variation of p-adic Newton polygons for L-functions of exponential sums. 
Asian J. Math., 8(3):427-472, 09 2004. 

[18] D. Wan. Lectures on zeta functions over finite fields. Higher-Dimensional Geometry 
over Finite Fields, 16:244-268, 2008. 

[19] D. Wan, P. J.-S. Shine, and C. S. Chen. Value sets of polynomials over finite fields. 
Proceedings of the American Mathematical Society, 119(3):711—717, 1993. 

[20] H. Zan and W. Cao. Powers of polynomials and bounds of value sets. Journal of Number 
Theory, 143:286 - 292, 2014. 


33 




